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ABSTRACT5
This paper proposes a new efficient model for the prediction of low-amplitude ground-6
borne vibrations in buildings. The model takes into account the three-dimensional nature of7
the building structure by analytical and semi-analytical means, making it ideal for performing8
parametric studies or large-scale vibrations predictions. Its formulation assumes that the9
principal component in floor vibrations is the vertical one and assumes that the vibrations10
are transmitted to the various floors through the building columns. The correctness of the11
model is tested by comparing, in two three-story building examples, its results with those12
obtained using a numerical model. Results regarding the isolation efficiency of implementing13
a thicker lower floor or columns with a larger cross-section are also presented. The building-14
soil coupling is formulated considering piled foundations in a stratified soil. To ensure the15
computational efficiency of the calculations, the piles’ response to an incident wavefield is16
modeled considering the Novak pile model for a layered half-space. Finally, a study of the17
importance of the soil mechanical parameters in the considered problem is conducted using18
the building-soil coupled model.19
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INTRODUCTION22
Ground-borne vibrations, such as the ones induced by construction works or by the23
passing of trains and traffic, can cause annoyance to nearby building dwellers and, in the24
case of large strains, structural damage to building structures. A correct prediction of these25
vibrations allows deciding whether or not a particular vibration mitigation countermeasure26
should be applied either on the generation source, in the transmission path or on the receiver.27
These countermeasures have to take into account the frequency range of interest which ISO28
2631-2 (2003) defines as 1-80 Hz, for the case of ground-borne vibrations in buildings, and 20-29
250 Hz, when information regarding the reradiated noise is also considered. The prediction30
of building vibrations has been attempted using different types of models, usually classified31
into three groups: empirical, numerical and (semi)analytical models.32
Empirical models predict the ground-borne induced vibrations using simple decaying33
laws usually combined with experimental data from previous measurements. In the case34
of railway-induced vibrations, several empirical methods have been developed following the35
stage differentiation defined by ISO 14837-1 (2005). An example is the method presented36
by Kuppelwieser and Ziegler (1996), who developed a three-parts computer program with37
two prediction models - one rather simple and the other much more detailed - supplied by a38
database of vibration and noise measurements. A similar separation has been also proposed39
in the empirical models presented by Madshus et al. (1996) and by Hood et al. (1996),40
both also based on experimental measurements. A significant number of soil attenuation41
laws have been discussed in the works of Auersch (2010a, 2010b). An empirical model that42
also considers the building response was presented by Kurzweil (1979). A comprehensive43
review of prediction models for railway-induced vibrations, especially focused on empirical44
ones, has been recently presented by Lombaert et al. (2015). Empirical models, despite45
being computationally very efficient, exhibit limited accuracy.46
Prediction models based on numerical methods are currently the only option for dealing in47
detail with the complex geometry of a building-soil system. Because the main disadvantage48
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of these models is their high computational cost, different types of approaches have been49
proposed in order to improve their efficiency. A two-dimensional (2D) Finite Element-50
Boundary Element (FE-BE) model for understanding the surface excitation of a building wall51
and foundation was proposed by Jean and Villot (2000). The model has been later extended52
to a two-and-a-half dimensional (2.5D) formulation and used to evaluate the influence of53
several building parameters (Villot et al. 2011). A three-dimensional (3D) FE-BE model was54
used by Fiala et al. (2007) to predict the ground-borne noise generated by surface rail traffic.55
The model, which solved the full problem as three weakly coupled subproblems, was later56
used to consider the noise generated by underground railways (Fiala et al. 2008). Lopes et al.57
(2014) have recently presented a complete building-soil model for the prediction of railway58
induced vibrations using submodeling techniques. However, despite the rapid increase of59
computers’ computational power, numerical models are still not feasible for performing large-60
scale vibration predictions or certain parametric studies. In these cases, the use of a more61
efficient but still realistic type of prediction model is necessary.62
A wide variety of analytical models (where the response is given by closed-form solutions)63
and semianalytical models (which require the numerical computation of complex analytical64
expressions) have been proposed to predict the building response to incident vibrations.65
Following the analytical approach proposed by Hudson (1956) in the field of seismology,66
Waller (1969) represented the building as a 1-degree of freedom (DOF) system. A similar67
type of building model has been more recently proposed by Auersch (2008), who studied the68
vertical building resonance adding the mass of the building to the dynamic stiffness of the69
ground. Newland and Hunt (1991) illustrated that this kind of approach was insufficient for70
accurately representing the complex response of a continuous structure and proposed the71
use of columns of infinite length for modeling the building. This type of approach has been72
recently used by Sanayei et al. (2012), who modeled the dynamic behavior of the building73
floors by adding the impedance of infinite thin plates to a finite column model. Cryer and74
Hunt (1994) considered the building as a 2D framed structure composed of horizontal and75
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vertical beams joined at their ends. The model was later used to perform predictions of76
the building response to railway induced vibrations (Hunt 1995). Talbot (2001) coupled the77
building model to a 3D BE model of the piled foundations for studying the dynamic response78
of base-isolated buildings. More recently, a prediction model that couples the previous frame79
structure to a layered soil and computes the response of this soil using the thin-layer method80
has been presented by Hussein et al. (2013). The authors are not aware of the existence of81
any 3D analytical model for the prediction of building vibrations.82
The present work proposes a new efficient three-dimensional model for predicting low-83
amplitude ground-borne vibrations in buildings. The proposed model combines an acceptable84
accuracy of the predicted results with a small computational cost, making the model highly85
suitable for performing a wide variety of parametric studies and also large-scale vibration86
predictions. The model takes into account the 3D nature of a multi-story building and87
considers that the vibration is transmitted to the different floors through the building’s88
columns. The model also considers that the building has piled foundations buried in a89
stratified soil.90
The paper is structured as follows. First, the analytical formulation of the proposed91
model is described. Then, a numerical validation of the building model and the results92
obtained in the range of frequencies of interest in building vibrations are presented. Finally,93
the main conclusions of this work are highlighted.94
BUILDING-SOIL MODEL FORMULATION95
This section develops the formulation of the proposed building-soil model. A 3D diagram96
of the considered problem is presented in Fig. 1 (a), which represents a two-story building97
with six columns in each floor built on soil composed of two layers over a half-space. In98
general, the building-soil model considers a (Ns+1)-story building (Ns stories over a ground99
level) with rectangular floors supported by a distribution of round columns. The building is100
constructed on stratified soil, which is assumed to be composed of NL horizontal layers over101
a half-space. Piled foundations are considered for modeling the building-soil interaction.102
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The piles are buried in one or more of the soil layers and the whole system is excited by103
an external circular surface or buried vertical harmonic load Fout. The soil layers and the104
building floors, columns and stories considered in this work are listed in Fig. 1 (b).105
The dynamic response of the building floors is obtained once the coupling forces between106
the different parts of the complete system are determined. The coupling forces are considered107
to be vertical forces because it is assumed that the vertical component of the building108
vibrations is significantly more important than the horizontal ones. This assumption is109
in agreement with experimental measurements found in the literature (Sanayei et al. 2013;110
Athanasopoulos and Pelekis 2000; Crispino and D’Apuzzo 2001).111
Floor and columns models112
For the sake of simplicity it is considered that the columns are arranged in a Nx × Ny113
equispaced rectangular grid pattern. Therefore, a supporting column can be identified with114
a pair of indexes i and j, where i = 1, . . . , Nx and j = 1, . . . , Ny, which indicate its position115
in the story, and an index k, where k = 0, . . . , Ns, which indicates the considered story116
(k = 0 is the ground floor). Each of these columns is assumed to be an axial homogeneous117
and isotropic circular rod of constant cross-section Ac and height Lc (see Fig. 2 (a)). The118
external loads applied at the column edges are the coupling loads caused by the adjacent119
upper and lower floors. Following the story numbering scheme presented in Fig. 1 (b), the120
supporting column (i, j) of the k-story is excited by a force caused by its coupling with floor121
k and a force caused by its coupling with floor k+1. These two forces are labeled as F 2ki,j and122
F 2k+1i,j , respectively. In the notation used in this work upper case letters are used to indicate123
that a variable is defined in the frequency domain.124
The axial response of an elastic homogeneous rod of constant cross-section is described125
by126
Ec
∂2u
∂z2
= ρc
∂2u
∂t2
(1)
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where Ec is the Young modulus of the column material and ρc is its density.127
In the frequency domain, the vertical response of the column (i, j) in the story k to the128
coupling forces applied on its edges is given by129
Uki,j(z) = C0(z)F
2k
i,j + CL(z)F
2k+1
i,j , (2)
where z is the vertical position in the column local system of coordinates (see Fig. 2 (a))130
and where C0 and CL are the column compliances to forces acting at the base and head of131
the column, respectively. These compliances can be expressed as132
C0(z) =
−1
EcAcβ
[
sin(βz) +
cos(βz)
tan(βLc)
]
,
CL(z) =
cos(βz)
EcAcβ sin(βLc)
,
(3)
where133
β =
ω
c0
, c0 =
√
Ec/ρc, (4)
where ω is the angular frequency.134
The floors are modeled as rectangular elastic homogeneous isotropic plates of constant135
width hf and of lengths Lx and Ly (see Fig. 2 (b)). The ratio between the width and the136
other floor dimensions is assumed to be small, allowing the use of thin plate formulation.137
The deflection of the plate is given by138
Df∇4w + ρf ∂
2w
∂t2
= 0, (5)
where ρf is the floor material density, ∇ is the nabla operator and where139
Df =
Efh
3
f
12(1− ν2f )
, (6)
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where Ef is the plate’s Young modulus, hf is its thickness and νf is its Poisson ratio.140
The coupling forces between floor k and the adjacent lower and upper columns (columns141
k− 1 and k, respectively) are assumed to be vertical point loads applied at the floor-column142
joint positions. In the frequency domain, the deflection Wk of floor k caused by its interaction143
with all the upper and lower columns is given by144
Wk(x, y) =
Nx∑
i=1
Ny∑
j=1
(F 2k−1i,j − F 2ki,j )A(x, y;xi, yj), (7)
where (xi, yj) is the position of the center of column (i, j) in the floor local system of145
coordinates and where A(x, y;xi, yj) is the floor compliance at (x, y) to a force applied at146
(xi, yj), which can be expressed as147
A(x, y;xi, yj) =
∞∑
m=1
∞∑
n=1
Wnm(x, y)Wnm(xi, yj)Bnm, (8)
where Wnm is the (n,m)-mode eigenfunction of the thin plate and where148
Bnm =
eiφnm
Cnmρfhf
√
(ω2nm − ω2)2 + ω4nmη2f
,
φnm = arctan
(
ηf
1− (ω/ωnm)2
)
,
Cnm =
Lx∫
0
Ly∫
0
[Wnm(x, y)]
2dydx,
(9)
where ηf is the structural damping factor and ωnm is the (n,m)-mode eigenfrequency. The149
lack of an exact expression for the free rectangular plate eigenmodes is overcome in this work150
by considering the results developed by Warburton (1954). Warburton used the Rayleigh-151
Ritz method to obtain approximate frequency formulas by assuming that the plate mode152
shapes are a product of two vibrating beam mode shapes. Because the free-edge conditions153
of a thin plate are not exactly satisfied by beam eigenfunctions, Warburton’s formulas are154
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approximate expressions for this type of boundary. Its accuracy in predicting the plate155
eigenfrequencies was studied by Leissa (1973) and the validity of using these approximate156
eigenfunctions for predicting the response of the proposed building model is studied in the157
results section.158
Floor-columns coupling159
The coupling of the columns with the floor is performed imposing that the displacement160
of both systems at the coupling positions is equal. The required floor deflections are obtained161
by substituting in Eq. (7) the position of all the columns. Using the following definitions162
Wk =
{
Wk(x1, y1) . . . Wk(x1, yNy) Wk(x2, y1) . . . Wk(xNx , yNy)
}T
,
Fk =
{
F k1,1 . . . F
k
1,Ny
F k2,1 . . . F
k
Nx,Ny
}T (10)
and taking into account the forces applied in each floor (see Fig. 3), the deflections of163
any intermediate floor k and the deflections of the roof (where k = Ns + 1) can be expressed164
as165
Wk = A(F2k−1 − F2k), WNs+1 = AF2Ns+1, (11)
where166
A =

A(x1, y1;x1, y1) . . . A(x1, y1;xNx , yNy)
...
...
A(xNx , yNy ;x1, y1) . . . A(xNx , yNy ;xNx , yNy)
 . (12)
In the case of the ground floor, where k = 0, the deflection is given by167
W0 = ApFp −AF0, (13)
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where Fp are the building-pile coupling forces, which will be defined in the next sub-168
section, and Ap is the matrix of floor compliances at the piles positions. For the sake of169
simplicity, it will be assumed that the piles and columns positions are the same and, therefore,170
A = Ap.171
In the case of the columns, defining172
Uk(z) =
{
Uk1,1(z) . . . U
k
1,Ny
(z) Uk2,1(z) . . . U
k
Nx,Ny
(z)
}T
, (14)
the head and base vertical displacements of all the columns in story k can be compactly173
expressed as174
Uk(0) = C00F2k + C0LF2k+1,
Uk(Lc) = CL0F2k + CLLF2k+1,
(15)
where175
C0L = CL(0)I = −C0(Lc)I = −CL0,
CLL = CL(Lc)I = −C0(0)I = −C00,
(16)
where I is the (Nx · Ny) × (Nx · Ny) identity matrix and where C0 and CL are obtained176
from Eq. (2).177
The coupling forces of the building model are obtained considering the following set of178
conditions: For the roof, the vertical displacement of the top columns is equal to the roof179
deflection at the floor-column joint positions. Then, WNs+1 = UNs(Lc), and the coupling180
equations can be expressed as181
(A−CLL)F2Ns+1 −CL0F2Ns = 0. (17)
For any intermediate floor k, the vertical displacement of the base of the upper columns182
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(Columns k) is equal to the vertical displacement of the top of the lower columns (Columns183
k − 1) and equal to the floor deflection at the floor-column joint positions. Then, Wk =184
Uk(0) = Uk−1(Lc), which gives the following set of coupling equations185
C0LF2k+1 + (C00 + A)F2k −AF2k−1 = 0,
C0LF2k+1 + C00F2k −CLLF2k−1 −CL0F2k−2 = 0.
(18)
For the ground floor, the vertical displacement of the base of the columns is equal to186
the ground floor deflection at the floor-column joint positions. Then, W0 = U0(0), and the187
coupling equation can be expressed as188
C0LF1 + (C00 + A)F0 −AFp = 0. (19)
Soil-pile model189
The proposed building-soil coupled model considers piled foundations in a horizontally190
stratified soil. For representing the soil-pile interaction, Novak (1974) presented an analytical191
approach of the system based on linear elasticity. A more accurate solution, which also192
considered the pile-soil-pile interaction (PSPI), was developed by Kaynia and Kausel (1982,193
1991). The main disadvantage of their formulation is the computational cost required194
to obtain the response for a large set of piles. An efficient alternative, for the case of195
homogeneous half-spaces, has been presented by Kuo and Hunt (2013a). The same authors196
have recently published a review of the dynamic models proposed for predicting the response197
of piled foundations (Kuo and Hunt 2013b).198
Since the computational efficiency of the model is a priority, the dynamic soil-pile in-199
teraction is represented in this work using the Novak pile model for the case of a layered200
half-space. This model accounts for the soil-pile interaction considering that the soil is201
composed of independent infinite horizontal layers of infinitesimal width and assuming that202
the pile can only move in a vertical plane. The model takes into account the soil inertia203
10
and the dissipation of energy due to radiation damping. The Novak model is used, first,204
to obtain the response of each pile to an incident ground wavefield and, after, to obtain205
the pile-cap driving point response. For both calculations Kuo (2010) presented several206
comparisons between the results obtained using this model and those obtained using more207
accurate but less efficient alternatives. The comparisons show that the Novak pile model208
makes a very good prediction of the vertical driving point response of a pile-head. However,209
when an underground railway-induced incident wavefield is considered, the model shows a210
significant loss of precision predicting the pile-head response for some ranges of excitation211
frequencies. The results also show that, when two-pile or four-pile rows are considered, the212
deviation between the response predicted by the Novak pile model and that of a BE model213
of the system is negligible for low excitation frequencies and does not exceed 10 dB for the214
whole frequency range of interest.215
The previous results indicate that the use of the Novak pile model introduces a certain216
loss of precision in the proposed model but, for many applications, this reduction is clearly217
compensated by the simplicity of its formulation and the efficiency of its computation.218
Incident wavefield response219
The Novak pile model response to an incident wavefield is computed using the formulation220
presented in (Kuo 2010). The pile-head vertical response is obtained by discretizing the pile221
length into Np equal segments and considering that the soil-pile interaction forces are action-222
reaction forces applied at the ends of these segments (see Fig. 4). Since the PSPI is not223
taken into account, it is assumed that the coupling forces caused by pile i do not affect the224
response of pile j 6= i.225
The soil and pile responses Us and Up can be expressed as226
Us = H
sFps + Us,iw, Up = −HpFps, (20)
where Us,iw is the incident wavefield and where H
s and Hp are the soil and pile compliance227
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matrices, respectively. These matrices contain, for each subsystem, the response at the Np228
discretized positions to forces applied on them. The soil response is obtained allowing no229
relative motion between the piles and the soil and ignoring the effect of the pile cavities.230
The resulting expression is231
Up = (H
s(Hp)−1 + I)−1Us,iw, (21)
where I is a Np ×Np identity matrix.232
The matrix Hp is obtained by computing the axial response of a thin rod with free-end233
boundary conditions to axial forces applied on it. Its analytical expression can be found in234
(Kuo 2010).235
The matrix Hs, which is obtained using the approximation developed by Baranov (1967),236
is a diagonal matrix of the following form237
Hs =
1
(Lp/Np)

. . .
µiSz,i
. . .
 , (22)
where µi is the shear modulus of layer i, Lp is the length of the pile and where the238
expression Sz,i can be found in (Novak 1974).239
The incident wavefield Us,iw is computed using the Stiffness Matrix Method (SMM)240
presented by Kausel and Ro¨esset (1981), which considers that the soil is a horizontally241
stratified isotropic linear elastic media. In the SMM the response of the soil is obtained242
by transforming the problem to the wavenumber-frequency domain, where the force and243
the response are related by simple algebraic equations. In this work it is assumed that the244
system is excited by a vertical harmonic circular force applied either on the surface or at a245
certain depth in the layered half-space. In cylindrical coordinates the components pr, pθ and246
pz of the force can be expressed as247
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pz(r, z, t) = P0H(rload − r)δ(z − zload)eiωt, pθ = pr = 0, (23)
where rload is the load radius, zload is the load depth, P0 is the load amplitude, H is the248
Heaviside function and δ is the Dirac’s delta function.249
Applying a Hankel transform in r and a Fourier series decomposition in θ, the transformed250
force coefficients P¯n are expressed as251
P¯0,j(k, ω) =
1
2pi
rload∫
0
rJ0(kr)dr, P¯n>0,j(k, ω) = 0. (24)
where j refers to the interface z = zload where the load is situated.252
The response at each soil interface is obtained by inverting, for each value of n, k and ω,253
the following system of equations254
P¯ = KsystemU¯ (25)
where the vectors P¯ and U¯ contain the applied loads and the resulting displacements at255
each interface. The response at each one of the piles discretized positions is obtained from256
the interfaces responses using the analytic continuation of the soil.257
The vertical soil response in the space-frequency domain is finally obtained by applying258
an inverse Hankel transform to the wavenumber response using259
Uz(r, ω) =
1
2pi
∞∫
0
U¯kJ0(kr)dk. (26)
More details regarding the outlined procedure can be found in (Kausel 2006).260
The response of all building pile-heads to an incident wavefield is obtained by computing261
the first row of Eq. (21) for each one of the piles. Following the previous definitions, the262
resulting displacements can be compactly expressed as263
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Uextph =
{
Up(x1, y1, 0) . . . Up(x1, yNy , 0) Up(x2, y1, 0) . . . Up(xNx , yNy , 0)
}T
. (27)
Driving point response264
A pile buried in a layered half-space interacts with Nint soil layers. The Novak pile model265
assumes that, for i = 1, . . . , Nint, the vertical response of the pile can be expressed as266
Upi (z) = Ai sin(βiz) +Bi cos(βiz), zi ≤ z ≤ zi+1, (28)
where zi and zi+1 are the depths of the upper and lower interfaces of the layer, respectively,267
and268
β2i =
ρpApω
2 − µiSzi
EpAp
, (29)
where Ep is the Young modulus of the pile material, Ap is its section and ρp is its density.269
The constants Ai and Bi are determined considering the following set of boundary270
conditions: the pile-top is excited by a vertical harmonic load Fp, the pile-bottom is assumed271
to be free and the pile vertical displacements and stresses are assumed to be continuous at272
each layer interface. This set of conditions can be expressed as273
dUp1
dz
∣∣∣∣∣
0
=
Fp
EpAp
,
dUpNint
dz
∣∣∣∣∣
Lp
= 0,
Upi
∣∣∣∣∣
zi+1
= Upi+1
∣∣∣∣∣
zi+1
,
dUpi
dz
∣∣∣∣∣
zi+1
=
dUpi+1
dz
∣∣∣∣∣
zi+1
.
(30)
Once the coefficients Ai and Bi are determined, the driving point response of each pile274
is given by Eq. (28) when z = 0 and the driving point response of all the pile-heads can be275
compactly written as276
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Udpph = H
phIFp, (31)
where Hph is the compliance of each pile-head to a force applied on it and where Fp is a277
vector that contains the forces applied on all the pile-heads. For the sake of simplicity the278
piles have been arranged in the same rectangular grid pattern considered for the building279
columns.280
Building-piles coupling281
The building-soil model is obtained by coupling the soil-pile system to the building ground282
floor. The vertical displacement of the pile-heads is a combination of the driving point283
response, obtained with Eq. (31), and the response to an incident wavefield, obtained with284
Eq. (27). This response can be expressed as285
Uph = U
dp
ph + U
ext
ph = H
phIFp + U
ext
ph . (32)
The building-piles coupling is performed considering, first, that the vertical displacement286
of the pile-heads is equal to the vertical displacement of the building ground floor and,287
second, that this pile-heads displacement is equal to the vertical displacement of the base288
of the ground columns (see Fig 5). Then, W0 = U0(0), −Uph = W0 and the resulting289
equations are290
C0LF1 + (C00 + A)F0 −AFp = 0,
−AF0 + (A +HpI)Fp = −Uextph .
(33)
The coupling loads between the different subsystems (columns, floors and piles) are291
obtained combining Eqs. (17), (18) and (33). For the case where the building model is292
not coupled to the soil, the only difference is that the last equation is replaced with Eq.293
(19). As an example, the matrix equation obtained for a three-story building is detailed294
in Appendix A. Once the coupling loads are known, the response of the building floors is295
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obtained using Eqs. (11) and (13).296
RESULTS297
This section discusses some significant results obtained using the presented model. The298
section has been divided into two parts, one presenting results obtained with the building299
model without soil and foundations and another with the complete building-soil coupled300
model.301
Building model302
The floor response predicted by the proposed building model formulation has been303
compared to the one obtained with a 3D FE model. The comparison has been performed304
considering two three-story buildings consisting of a ground floor, two upper floors and a roof,305
joined with a regular grid of circular columns. In the x-direction the grid has 6 columns in306
the case of the first building and 13 columns in the case of the second one. In both buildings,307
3 columns have been considered in the y-direction. The separation between the center of308
two consecutive columns is 4.5 m in the x-direction and 3 m in the y-direction. In both309
directions, the distance between the center of the first or last columns and the floor edge in310
that direction is 0.5 m. The mechanical parameters considered for representing the floors as311
thin plates and the columns as thin rods are presented in Tables 1 and 2.312
The numerical model of the buildings uses 8-node hexahedral elements for meshing the313
floors and 6-node wedge elements for meshing the columns. A length of approximately 0.15314
m has been considered for both types of elements, which ensures that the bending waves315
of the floors are meshed with more than ten elements per wavelength for the whole range316
of frequencies of interest. The numerical model of the first building case, which has been317
presented in Fig. 6, has a total of 42,432 hexaedral elements and 6,804 wedge elements.318
In the case of the second building, the mesh consists of 57,408 hexaedral and 16,614 wedge319
elements.320
In both models, the building has been excited by applying a vertical harmonic unitary321
point load at each node of all the pile-cap positions. The same input force has been considered322
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for the case of the proposed new semianalytic model. The modal response of the thin323
plate has been computed considering a truncation frequency of 400 Hz, which satisfies the324
Rubin criterion (Rubin 1975). The comparison has been performed considering a frequency325
resolution of 0.2 Hz between 1 and 80 Hz. The results have been presented as acceleration326
levels327
LW¨ = 20 log10
(
|W¨ |
W¨ref
)
= 20 log10
(
ω2|W |
W¨ref
)
(34)
with a reference value W¨ref = 1 m/s
2. Because a set of unitary harmonic loads has328
been considered in all the calculations, the presented responses can be also understood as329
accelerances Ha(ω) = ¨W (ω)/F of the considered load configuration.330
The results presented in Fig. 7 compare the absolute response of the numerical model331
with the response of the proposed model at two arbitrary positions of the first building. A332
good agreement has been found between both responses. A small shift can be observed in333
the position of some of the building modes, which can be explained observing the results334
presented in (Leissa 1973), where the eigenfrequecies computed using Warburton’s expres-335
sions are compared with those found using more accurate solutions. A good agreement is336
also observed between the amplitudes of a large majority of the modes, ensuring the validity337
of the approximations performed in the proposed model. The use of the absolute response338
instead of the vertical one for the numerical model also ensures that, for the considered339
loading conditions, the horizontal floor responses are much inferior than the vertical ones.340
The running time to obtain the results shown in Fig. 7 with the new analytical model, which341
has been computed using MATLAB interpreted code, is about 40 seconds on a personal342
computer equipped with a 3.16GHz Intel Core 2 Duo processor and 4 Gb of RAM. Around343
75 minutes were required to obtain the results with the numerical model, which has been344
developed using the MSC NASTRAN finite element software.345
As can be seen in Fig. 8, a similar agreement has been obtained in the predicted responses346
for the second building. Again, the comparison has been performed for two different nodes.347
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The proposed building model can be used to obtain insights of the floors’ dynamic348
behavior and to predict the efficiency of several vibration countermeasures. Fig. 9 studies the349
influence that considering a thicker lower floor has on the building vertical vibration. This350
case has been previously addressed by Sanayei et al. (2012, 2014) using a one-dimensional351
modified column model. Due to the considered assumptions, the model used in their works352
does not take into account the dynamical behavior of a finite floor and predicts the vibration353
response at the base of a building column. In contrast, the building model presented in354
this work allows extending their study to any position of the building floors. In particular,355
the response at the center of each floor is considered in these results. A width of 1.2 m356
has been considered in the thicker lower floor case instead of the 0.3 m used in the normal357
floor. It should be mentioned that the use of a different floor width requires computing the358
ground floor compliance A(x, y;xi, yj) of each floor separately. Again, the results have been359
computed using a 0.2 Hz resolution from 1 to 80 Hz.360
The results show that floor responses are considerably modified by a change in the361
thickness of the floor. Although an increase of the vibration response can be observed362
for certain excitation frequencies, the floor response is clearly reduced in most of the studied363
frequency range. The vibration attenuation has been quantified in Table 3, which shows364
the total reduction obtained using this countermeasure in the range of frequencies studied.365
The total reduction has been computed applying the frequency weighting described in366
(International Organization for Standardization 2003), which specially reduces the amplitude367
of the high-frequency content of the response. The presented values can be understood as368
the difference between the obtained building vibration levels when the spectrum of the369
applied force is equal to the one of a white noise from 1 to 80 Hz. As it could be expected,370
this vibration countermeasure is specially effective for the ground floor, which has been371
significantly stiffened by the increase of its thickness. The reduction obtained in this study is372
smaller than the one presented in Sanayei et al. (2014). In their case, however, the reduction373
was computed considering the building velocity of vibration levels due to a railway-induced374
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excitation for a wider range of excitation frequencies.375
An alternative potential vibration countermeasure is the use of columns with larger cross-376
sections. This option has been studied comparing the floor response for two column radius:377
0.15 m and 0.3 m. As Fig. 10 shows, the responses are also significantly affected by this378
geometrical modification and they are again reduced for most of the studied range. As before,379
the efficiency of this countermeasure has been quantified in Table 3, which shows that, for380
the upper building floors, the reduction in the vibration levels obtained using columns with381
a larger cross-section is higher than the one obtained using a thicker lower floor.382
The use of a thicker lower floor or of columns with a larger cross-section has been also383
considered for the second building model. The obtained global reductions for this case, which384
are presented in Table 4, are slightly inferior than the ones obtained for the first building385
but, again, the results indicate that the use of columns with a larger cross-section is a better386
vibration countermeasure for the upper building floors.387
Building-soil model388
The building-soil coupled model is finally used for showing the effect that the soil strat-389
ification has on the building floors response. The results presented in Fig. 11 have been390
obtained coupling the first of the previous building models to a soil consisting of two391
horizontal layers over a half-space. The same spatial rectangular grid pattern has been392
considered for the columns and for the piles. The comparison has been performed considering393
two soils that only differ in the stiffness of their upper layer. In the first case, this layer is394
very soft, with a Young modulus Es = 20 MPa. In the second case, the layer is considerably395
stiff, with Es = 150 MPa. The mechanical parameters considered for the piles and for each396
layer are presented in Tables 5 and 6. The incident wavefield has been computed using a397
vertical harmonic load with a circular surface distribution, a radius rm = 0.25 m and situated398
at (xm, ym) = (-5,-5) m in the floors system of coordinates presented in Fig. 2. The building-399
soil configuration considered is similar to the one initially presented in Fig. 1 but with a400
larger building and with the load applied in a different position. The computation of the401
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SMM in cylindrical coordinates requires evaluating a numerical inverse Hankel transform.402
This transform has been performed using a logarithmical sampling with 2,048 samples and403
convergence tests have been carried out to ensure the accuracy of the results. As in the404
previous section, the modal response of the thin plate has been computed considering a405
truncation frequency of 400 Hz. The correctness of the pile and soil numerical computations406
have been tested reproducing the results presented in (Kuo 2010), for the Novak model407
response, and in (Kausel 2006) for the SMM response. The correctness of the Novak pile408
formulation for a layered half-space has been tested comparing the results obtained for a409
certain soil stratification with those obtained when the layers of this stratification are divided410
in smaller equal layers. The pile length has been discretized ensuring that five nodes per411
wavelength are used when the frequency of the external excitation is 80 Hz. The wavelength412
considered is the one related to the shear wave speed of the soil upper layer.413
The results show that the vertical response of the building floors clearly depends, for the414
whole range of frequencies of interest, on the type of soil stratification considered. Significant415
differences have been found not only in the amplitude of all floors response but also in the416
frequencies where the peaks of this response occurs. The results indicate that the resonances417
of the system are shifted to lower frequencies when a very soft upper layer is considered418
instead of a stiff one, a result that is in agreement with the fact that a reduction in the419
soil flexibility tends to increase the resonance frequencies of the building (Jennings 1973).420
It can be also observed that for both types of soil the low-frequency response of all floors421
is considerably more damped than the high-frequency one. Additionally, while the response422
of the building on a softer soil tends to decrease as the excitation frequency increases, the423
opposite tendency occurs for the building on a stiffer soil. It is therefore concluded that the424
SSI has to be taken into account for the type of soils considered in this work.425
Rather than performing a detailed quantification of the SSI effect, the aim of the previous426
comparison is to highlight the importance of having the soil parameters well characterized427
for performing accurate predictions of the building response to ground-borne vibrations.428
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The efficiency of the proposed model is especially useful for cases where these characteriza-429
tion presents a considerable uncertainty and a large amount of prediction calculations are430
required.431
DISCUSSION432
The building-soil coupled model for predicting the response of a N-storey building with433
rectangular floors to ground-borne vibrations presents two main advantages against a FE434
model of the problem. First, the proposed formulation is significantly more computationally435
efficient than a FE one. This efficiency has been previously detailed for the building results436
but is even more clear for the case of the coupled building-soil model. It is well-known437
that, for the range of frequencies of interest, a 3D numerical model of this system requires438
very large computational costs, even when alternative modelling techniques, such as the use439
of a FE-BE hybrid formulation, are used. The second advantage of the presented model440
is its simplicity for dealing with different building configurations. Parameters such as the441
number of stories, the number and the geometrical distribution of columns in each floor or442
the value of the mechanical properties of each element are simply numerical inputs on the443
model. Therefore, the time-consuming FE preprocessing tasks are avoided. This advantage is444
particulary important if the vibration response of a considerable number of different buildings445
(or building configurations) needs to be assessed.446
Due to the assumptions performed, the model has certain applicability limitations that447
should be pointed out. Because Warburton (1954) approximate expressions are considered448
for computing the floor responses, the model cannot be used for predicting the response of449
buildings with non-rectangular floors. In such cases, the presented model can still be used450
for performing large-scale predictions in an early design stage and more accurate predictions451
for specific sites can be later obtained using alternative numerical models. Regarding the452
building foundations, the model assumes pile foundations and, therefore, it is not suitable453
for predicting the response of buildings with other types of foundations, such as footings or454
raft foundations. However, it should be pointed out that this drawback can be overcome by455
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modifying some of the considered hypothesis of the model. Finally, the model is focused to456
predict the vertical component of the building vibration, which is, for the type of induced457
vibrations considered, the main component of the floor’s response.458
CONCLUSIONS459
This paper presents a computationally efficient three-dimensional building-soil coupled460
model for predicting the response of a building to ground-borne vibrations. The model461
considers that the vibration is transmitted to the floors through the building columns and462
that the vertical component of this vibration is the dominant one. The coupling of the463
building and the soil has been performed considering piled foundations and a horizontally464
stratified soil. They have been modeled using the Novak pile model and the SMM for a465
layered half-space, respectively. The use of a simplified soil-pile model ensures the simplicity466
and efficiency of the model and allows to take into account the effect of soil stratification.467
The presented model is highly suitable for performing many types of parametric studies468
and large-scale vibration predictions due to its small computational cost and considerable469
accuracy.470
The response of the building model has been compared to the one obtained using a FE471
model of two different three-story building examples, finding a good agreement between both472
in the range of frequencies of interest in building response to ground-borne vibrations. The473
building model has been used to study the isolation efficiency of considering, first, a thicker474
lower floor and, second, columns with a larger cross-section. The results at the center of each475
floor show that, although both modifications can be considered as vibration countermeasures,476
the use of columns with a larger cross-section is significantly more effective for the isolation477
of the building’s upper floors.478
The building-soil coupled model is finally used to study the effect that the soil strati-479
fication has in the vibration response of the building floors. The results obtained for two480
different soils show clear differences in all the frequency range studied. This result justifies481
the importance of having the soil elastic parameters correctly characterised and highlights482
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the importance of considering a stratified soil model in nonhomogeneous soils.483
The proposed building-soil coupled model is able to consider many features of the dynamic484
response of a N-story building in a layered half-space with a very small computational cost.485
This advantage can be used for obtaining the building response to a wide variety of excitations486
in cases where the mechanical parameters of the problem are not accurately defined and/or487
where the results at large areas or for a large set of buildings are required.488
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APPENDIX A.COUPLING LOADS EQUATIONS FOR A THREE-STORY BUILDING582
This appendix presents the system of equations that has to be computed to obtain the583
coupling forces for a three-story building. Although this is the only case presented, taller584
buildings are easily obtained adding new rows and columns of block matrices.585
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
(A−CLL) −CL0 0 0 0 0 0
C0L (C00 +A) −A 0 0 0 0
C0L C00 −CLL −CL0 0 0 0
0 0 C0L C00 +A −A 0 0
0 0 C0L C00 −CLL −CL0 0
0 0 0 0 C0L C00 +A −A
0 0 0 0 0 −A (A+HpI)


F5
F4
F3
F2
F1
F0
Fp

=

0
0
0
0
0
0
−Uextph

.
The presented formulation is easy to compute and, unless a great number of columns and586
stories is considered, very efficient.587
27
List of Tables588
1 Mechanical parameters used for the floor model. . . . . . . . . . . . . . . . 29589
2 Mechanical parameters used for the column model. . . . . . . . . . . . . . . 30590
3 Total vibration reduction obtained at the center of each floor in the first591
building case when the thickness of the lower floor or the size of the columns592
cross-section are modified. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31593
4 Total vibration reduction obtained at the center of each floor in the second594
building case when the thickness of the lower floor or the size of the columns595
cross-section are modified. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32596
5 Mechanical parameters used for the pile model. . . . . . . . . . . . . . . . . 33597
6 Mechanical parameters used for the soil models. . . . . . . . . . . . . . . . 34598
28
TABLE 1: Mechanical parameters used for the floor model.
Parameter Value
x-direction length (Lx) 16/37 m
y-direction length (Ly) 10 m
Width (hf ) 0.3 m
Young modulus (Ef ) 30 GPa
Poisson ratio (νf ) 0.3
Density (ρf ) 3000 kg m
−3
Structural damping (ηf ) 0.02
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TABLE 2: Mechanical parameters used for the column model.
Parameter Value
Height (Lc) 3 m
Radius (rc) 0.15 m
Young modulus (Ec) 30 GPa
Density (ρc) 3000 kg m
−3
Structural damping (ηc) 0.02
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TABLE 3: Total vibration reduction obtained at the center of each floor in the first building
case when the thickness of the lower floor or the size of the columns cross-section are modified.
Countermeasure Ground f. (dB) Floor 1 (dB) Floor 2 (dB) Roof (dB)
Modified ground floor 12.16 4.73 0.71 1.72
Modified columns 9.09 5.34 5.38 9.11
31
TABLE 4: Total vibration reduction obtained at the center of each floor in the second
building case when the thickness of the lower floor or the size of the columns cross-section
are modified.
Countermeasure Ground f. (dB) Floor 1 (dB) Floor 2 (dB) Roof (dB)
Modified ground floor 12.52 7.26 1.84 3.27
Modified columns 8.42 4.18 4.41 8.56
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TABLE 5: Mechanical parameters used for the pile model.
Parameter Value
Radius (rp) 0.354 m
Length (Lp) 10 m
Young modulus (Ep) 40 GPa
Density (ρp) 2800 kg m
−3
Structural damping (ηp) 0.01
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TABLE 6: Mechanical parameters used for the soil models.
Parameter First layer Second layer Half-space
Layer thickness (hs) 5 m 10 m -
Layer Young modulus (Es) 20/150 MPa 125 MPa 250 MPa
Layer Poisson ratio (νs) 0.3 0.3 0.3
Layer density (ρs) 1800 kg m
−3 2100 kg m−3 2600 kg m−3
Layer P-wave damping (DP ) 0.03 0.03 0.03
Layer S-wave damping (DS) 0.03 0.03 0.03
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